Three-dimensional scroll waves are considered in a reaction-diffusion model of excitable media in the large excitability limit. Coordinates based on the scroll filament are defined and shown to provide a natural extension of the coordinates used for two-dimensional spiral waves. The leading-order free-boundary equations for interface motion in three dimensions are explicitly derived in these coordinates. Three specific examples are considered: straight twisted scroll waves, axisymmetric scroll waves, and helical scroll waves. The equations for the fields at leading and first order in the core region are given.
I. INTRODUCTION
Wave propagation in excitable media occur in a wide variety of chemical and biological contexts ͓1-4͔, the most important example being the electrical wave propagation in heart tissue ͓5-8͔. In three-dimensional media, one typically finds sustained waves in the form of scrolls that rotate about one-dimensional filaments ͑Fig. 1͒. These filaments can themselves move through the medium, generally on a time scale much slower than the time scale of wave rotation about the filament, e.g., Refs. ͓9-13͔. Almost all current theoretical understanding of scroll wave dynamics in excitable media is based on laws that have been derived for the motion of filaments ͓9,14 -18͔. However, as we explain below, this theory is incomplete and does not include a description of scroll waves themselves. In this paper we derive general asymptotic equations for three-dimensional ͑3D͒ scroll waves directly from reaction-diffusion partial-differential equations and consider these equations in specific cases for which the equations simplify.
We consider a standard two-component reaction-diffusion model of excitable media: 2 ‫ץ‬u/‫ץ‬tϭ 2 ٌ 2 uϩ f ͑ u,v ͒, ͑1a͒ ‫ץ‬v/‫ץ‬tϭg͑u,v ͒. ͑1b͒
The equations are here written in the space and time scales proposed by Fife ͓19͔. The small parameter is the characteristic time scale separation between the fast u species and the slow v species. This scale separation is exploited in our analysis. For concreteness we consider specific reaction terms ͓20-22͔:
g͑u,v ͒ϭuϪv, ͑2b͒
where a and b are parameters. Our analysis applies equally to all similar two-component reaction-diffusion equations. Previous analytical work on the motion of scroll filaments has been of two types. The first one is strictly phenomenological ͓23-28͔, using geometrical considerations only and not relying directly on the underlying reaction-diffusion equations. The second approach is based on reactiondiffusion equations and uses singular perturbation theory ͓14,16,18͔ in the small filament curvature limit. ͑The filament torsion is also assumed to be small ͓except in Ref.
͓29͔͔, but for simplicity we shall refer only to filament curvature.͒ The parameter controlling excitability is fixed and then the small ͑order-␦) curvature limit is considered. Significantly, it must be assumed that the solution to the reaction-diffusion equations for a straight filament ͑equiva-lent to the two-dimensional spiral solution͒ is known for any required . This is the leading-order (␦ϭ0) solution. Equations for filament motion on a small ͑order-␦) velocity scale are then obtained by invoking a compatibility condition for the equations at first order in ␦. In this work it has not been *Present address: Institut de Mécanique des Fluides de Toulouse, 31400 Toulouse Cedex, France. Email address: margerit@imft.fr † Email address: barkley@maths.warwick.ac.uk FIG. 1. Sketch of a rotating scroll wave showing the different asymptotic regions and the coordinates used. Shown are the outer regions ͓excited (ϩ) and quiescent (Ϫ)͔, the interface regions ͓wave front (ϩ) and wave back (Ϫ)͔, and the core region. The filament X(s,t) is parametrized by s and time t. Local coordinates to the filament are (r,,s), with (r,) in the plane normal to X(s,t) and is measured from the normal vector n. The wave rotates about the filament. The interface normals N Ϯ are also displayed.
possible to find the left null eigenvectors of the relevant linear operator and to show that the orthogonal product of these vectors on the nonhomogeneous terms yields nonvanishing equations of motion. Therefore the order-␦ velocity of the filament has not been substantiated, and more importantly, the coefficients of the equations of motion are not given as functions of the parameters of the original reaction-diffusion system, e.g., Eqs. ͑1͒. The analysis is nevertheless very important because it gives the form of the equations of motion at lowest order.
Since the early pioneering work on filament motion in excitable media and on 2D spiral waves ͓30-32͔, the stationary ͑rigidly rotating͒ 2D spiral has been fully understood using singular perturbation methods, both at leading order in ͓33-39͔ and more recently at first order in ͓40,41͔. Scroll waves with straight filaments can be understood in the same way ͓37,40,41͔. Progress has also been made in understanding spiral drift, in the small-limit, in bounded domains ͓42͔, and with applied fields ͓43͔. Using a slightly different approach ͓44,45͔, the →0 limit is considered while the medium is kept in the weakly excitable regime ͓46͔.
The purpose of this paper is to build on the understanding gained from the two-dimensional case and to present a general geometrical description for three-dimensional scroll waves in the small-limit. Specifically we will define a useful system of three-dimensional coordinates and derive freeboundary equations for wave motion in these coordinates. If curvature and twist ͑as defined later in Sec. IV C͒ are taken to zero, the known equations for stationary spirals are automatically recovered. In this approach, it is not necessary at the outset to assume small filament curvature, and the equations are equally valid for large and small curvatures.
II. ASYMPTOTIC EQUATIONS
The first step in the analysis is to specify the geometry of the problem and to identify the different asymptotic regions to be considered. The coordinate system we use is based on the scroll filament ͑Fig. 1͒. Let the filament be a curve C given parametrically by coordinate s and time t: X ϭX(s,t). Local to the filament we shall use the coordinate frame (e r ,e ,t), where (e r ,e ) are unit vectors associated with polar coordinates (r,) in the plane normal to the filament with measured from the normal n to C, and t is the unit tangent vector. Then points x local to C are given in (r,,s) coordinates by x͑r,,s,t ͒ϭX͑ s,t ͒ϩre r ͑ ,s,t ͒.
We use polar coordinates rather than Cartesian coordinates ͑built on the normal and binormal frame͒ as used by Keener ͓14͔ because the 2D spiral equations written in polar coordinates are then easily recovered with our treatment. The medium divides into three regions ͑Fig. 1͒: outer, interface, and core. The outer region comprises most of the medium. It is itself divided into both an excited portion, for which uӍ1, and a quiescent portion, for which uӍ0. The interface region is a thin ͑quasi-two-dimensional͒ region separating the excited and quiescent portions of the outer region. In the interface region, u makes a rapid change between uϭ0 and uϭ1. On the outer scale, this interface region is a surface S, the scroll surface. For concreteness, we define S to be the surface uϭ1/2. It consists of two parts: a wave front and a wave back described, respectively, by two functions ⌽ Ϯ ; such that ϭ⌽ Ϯ (r,s,t). Finally, when it exists, the core region is a small quasi-one-dimensional region containing the filament. Tyson and Strogatz ͓47͔ reviewed the geometrical description of the filament including twist. Here, the differential geometry of the scroll wave includes additionally the interfaces ⌽ Ϯ . In the small-limit, both the filament position X and the interface depend on , and have expansions of the form
where ⌽ means either ⌽ ϩ or ⌽ Ϫ . We refer to these orders as leading order, first order, etc.
The next step in the analysis is to rewrite Eqs. ͑1͒ in each of the three regions-outer, interface, and core-using appropriate coordinates. From these equations one can obtain a hierarchy of asymptotic equations in each region.
A. Outer region
In the outer region, we write Eqs. ͑1͒ in (r,,s) coordinates:
where v f ϭẊ ϩrė r is the velocity of the moving frame due to filament motion. The gradient operator in these coordinates is "ϭe r ‫ץ‬ ‫ץ‬r ϩe 1 r ‫ץ‬ ‫ץ‬ ϩtH and the Laplacian is
where ϵ͉‫ץ‬X/‫ץ‬s͉, hϵ͑1Ϫr cos ͒,
Here, is the curvature and is the torsion of the filament. Details can be found in the Appendix. We write the expansions for u and v in the outer region in the form
Substitution of these expansions into Eqs. ͑3͒ gives a hierarchy of asymptotic equations for the orders u (k) and v (k) , k ϭ0,1, . . . , of the u and v fields in the outer region.
B. Interface region
For the interface region we shall use the local coordinates (r ,ŝ ,) to describe the position of a point x near interface ⌽. These coordinates are defined by projecting the point x to the interface along the interface normal N ͑see Fig. 2͒ . Then is the distance to the interface; r and ŝ are the values of r and s of the projection onto the interface. Specifically, points x local to the interface are given in (r ,ŝ ,) coordinates by x͑r ,ŝ ,,t ͒ϭX͑ ŝ ,t ͒ϩr e r s ͑ r ,ŝ ,t ͒ϩN͑ r ,ŝ ,t ͒, with e r s (r ,ŝ ,t)ϭe r ͓⌽(r ,ŝ ,t),ŝ ,t͔. For points x on the interface, ϭ0 and (r ,ŝ )ϭ(r,s). In this interface regions, the stretched coordinate ϭ/ is then introduced, and in (r ,ŝ , ) coordinates, Eqs. ͑1͒ be-
with e s ϭe ͓⌽(r ,ŝ ,t),ŝ ,t͔ and ė r s ϭė r ͓⌽(r ,ŝ ,t),ŝ ,t͔. In Eq. ͑5͒, v i is the contribution to the velocity of the moving frame coming from interface motion. The operators " and ٌ 2 are the gradient and Laplacian orthogonal to the N direction and m is the determinant of the metric tensor associated to the (r ,ŝ , ) coordinates. The exact form of " and ٌ 2 are not required for the asymptotic orders considered in this paper. However, the lowest order representation of the last term in Eq. ͑9͒ is needed:
where H is the mean curvature of the interface. Details of the interface coordinate system are given in the Appendix. We write the expansions for u and v in the interface region as
where i denotes interface. Substitution of these expansions into Eqs. ͑4͒ gives a cascade of asymptotic equations for the orders u i(k) and v i(k) , kϭ0,1, . . . , of the u and v fields in the interface region.
There are significant advantages to using the stretched normal coordinate to the interface rather than the stretched relative angle to the interface Јϭ(Ϫ⌽)/ used by Fife ͓30͔. These advantages outweigh the fact that the change of coordinates in the Fife approach, between (r, Ј,s) and the outer coordinates (r,,s), is simple. The problem with the Fife coordinates is that when the interface is expanded in , ⌽(r,s,t,)ϭ⌽ (0) (r,s,t)ϩ⌽ (1) (r,s,t)ϩ•••, ͑something not done by Fife͒, the solution of the kth-order equation for u across the interface is complicated in (r, Ј,s) coordinates and both ⌽ (0) and ⌽ (1) enter in the first-order equation of u i(1) , from which the equation for ⌽ (0) must be extracted.
C. Core region
In the core region, the stretched radial coordinate rϭr/ is introduced. In (r,,s) coordinates, Eqs. ͑1͒ become 2 ‫ץ‬u/‫ץ‬tϭٌ
where v f ϭẊ ϩrė r and 
HH.
In (r,,s) coordinates hϭ(1Ϫr cos ). We write the expansions of u and v in this core region as
where c denotes core. Substitution of these expansions into Eqs. ͑11͒ gives a hierarchy of asymptotic equations for the orders u c(k) and v c(k) , kϭ0,1, . . . , of the u and v fields in the core region.
III. FREE-BOUNDARY EQUATIONS
The next step in the analysis is to solve the hierarchy of asymptotic equations in each of the asymptotic regions, order by order, and to apply appropriate matching between these regions. Sections III B and III C follow closely previous work ͓30-39͔.
A. Leading-order core
We begin with the core region. At lowest order ͑order Ϫ1 ), Eq. ͑11b͒ for the v field in the core gives
where Ẋ (0) is independent of r and and
The simplest way to satisfy Eq. ͑12͒ is to assume no leadingorder filament motion and set Ẋ (0) ϭ0. Thus the filament velocity goes to zero in the limit →0. If, on the other hand, solutions to the reaction-diffusion equations exist with leading-order filament motion,
is a constant. Matching the core solution to the outer region ͑dis-cussed in the following section͒ would, in fact, require v c(0) to be constant ͑and equal to the stall concentration as defined later in Sec. III B͒. It is known that v is not constant in the core of stationary ͑rigidly rotating͒ spirals in two dimensions ͓36,39͔. Thus, while we cannot definitely rule out scroll solutions with leading-order filament motion, any such solution will be very different from the known two-dimensional spiral solutions that have cores with nonuniform fields v c(0) . Direct numerical evidence that Ẋ (0) ϭ0 for scroll rings is given in Ref. ͓41͔.
B. Leading-order outer and interface regions
At lowest order ͑order 0 ), Eqs. ͑3͒ give
Then u (0) is one of the two ͑stable͒ roots of f: u (0) ϭu (0)Ϯ , where for Eq. ͑2a͒, u (0)ϩ ϭ1 and u (0)Ϫ ϭ0. The field v (0) is time independent and is found by matching to the interface.
At lowest order ͑order 0 and order Ϫ1 ), Eqs. ͑4͒ in the interface region give
Here, the superscripts Ϯ stand for interfaces ⌽ Ϯ . Matching u i(0)Ϯ to the solution in the outer region gives the boundary conditions on Eq. ͑16͒, 
Since the interface passes through all points in the outer region at some time and since v (0) is independent of time ͓Eq. ͑15͔͒, necessarily v (0) (r,,s)ϭv s . This completes the specification of the leading-order fields u and v everywhere outside the core.
C. First-order outer and interface regions
At 1 order, Eqs. ͑3͒ in the outer region give
where 
where
where N Ϯ is the normal to, and H Ϯ is the mean curvature of, the leading-order interfaces ⌽ (0)Ϯ . Here, v (0)Ϯ is the velocity in Eq. ͑5͒ for interfaces at leading order ͑from Sec. III A, the leading-order filament motion is zero͒. At leading order in our coordinates v (0)Ϯ ϭr⌽ (0)Ϯ e sϮ , and using the expression of the surface normal from the Appendix,
where m Ϯ is the determinant of the metric tensor, and h Ϯ is the value of h, evaluated at the interfaces ⌽ (0)Ϯ . Matching 
Noting that in our coordinates the interface normal velocity is
Eq. ͑26͒ equates the normal velocity of the interface to twice the mean curvature H of the interface plus the speed of a plane interface. This result for leading-order interface motion is widely known, e.g. Refs. ͓23-28,33͔, although in the context of excitable media it has been considered mainly in twospace dimensions. What is important here is that we express the free-boundary equations in a form appropriate for scroll waves in three-dimensional media using a system of coordinates based on the scroll filament. Explicit expressions for h, m, and H in these coordinates are given in the following section.
IV. EXAMPLES
In this section, we will apply the leading-order freeboundary equations ͑25͒ and ͑26͒ to important specific cases for which the equations simplify. We shall restrict our attention to cases in which scroll solutions do not depend on the coordinate s parametrizing the filament. This class of solutions includes twisted scrolls with straight filaments, axisymmetric scroll rings, and certain helical scrolls.
Frequently in this section we shall drop the superscripts, it being understood that all relevant quantities are evaluated on the leading-order interfaces ⌽ (0)Ϯ . When necessary, we shall distinguish the front and back interfaces; leading order is assumed throughout.
The general expressions for h, m, and H, which appear in Eq. ͑26͒ are ͑see the Appendix͒ hϭ͑1Ϫr cos ⌽ ͒, ͑27͒ The geometry of filaments and the twist of scroll waves about these filaments is discussed in detail in several publications, e.g., Refs. ͓15,47,17,48͔. The twist w of a scroll filament is the rate of angular rotation of the interface about the filament per unit arclength along the filament ͓15,47͔. More specifically it is given by the value of (1/)‫ץ‬N/‫ץ‬s•(t ϫN) on the filament. In our coordinates
The twist is composed of two components: one component arising from the torsion of the filament and the associated rotation of the Frenet frame with displacement along the filament; the other component arising from the arclength derivative of phase ⌽ along the filament. Recall that ⌽ is measured with respect to the Frenet frame. In general, the instantaneous twist associated with the two interfaces ⌽ ϩ and ⌽ Ϫ need not be the same, ‫ץ‬⌽ ϩ /‫ץ‬s ‫ץ‬⌽ Ϫ /‫ץ‬s, in general. This possibility does not appear in past treatments of twisted scroll waves.
We are principally interested in solutions that do not depend on the coordinate s. For these the curvature and torsion of the filament must be constant. If both are nonzero the filament is helical. For concreteness, consider the filament to be parametrized as
X͑s ͒ϭ͑ R cos s,R sin s,␥s ͒.
The curvature and torsion are
͑33͒
If ␥→0 with finite R, one obtains a planar ring. In the limit R→0 one obtains a straight filament with twist. While the Frenet coordinates are undefined for a straight filament, it is possible to define the coordinate frame at Rϭ0 by continuity. We shall focus on s-independent situations for which ‫ץ‬⌽ Ϯ /‫ץ‬sϭ0. For such scroll waves the interfaces ⌽ Ϯ are functions of r and t only: ⌽ Ϯ (r,t). In this case the twist is the torsion, which in turn is a constant, and the two interfaces necessarily have the same twist. Finally, for this class of solutions, the s derivatives, Eqs. ͑30a͒ and ͑30b͒, drop out.
B. Numerical solutions
For the s-independent case, we can write the freeboundary equations ͑25͒ and ͑26͒ in terms of one twodimensional field v(r,) and two one-dimensional curves ⌽ Ϯ (r), each depending on time according to
where v represents the first-order slow field v (1) and v Ϯ ϭv͓r,ϭ⌽ Ϯ (r)͔ is its value at the Ϯ interface. The quantities h, m, and H are given by Eqs. ͑27͒-͑28͒.
Equations ͑34͒ and ͑35͒ are easily simulated numerically. The v field is discretized on a polar grid of radius R s with N r ϫN grid points. The center point at rϭ0 is not included, so that the domain begins at the first radial grid point ⌬r ϭR s /N r from the center. In our simulations, we typically we use ⌬rϭ0.05 and 128 points in the direction. The interfaces ⌽ Ϯ are represented using the same N r radial grid points. The r derivatives in the interface equation are computed by finite differences with one-sided formulas used at the innermost and outermost grid points. The values of v Ϯ are found by interpolation of the v field.
Starting from an initial v field and valid ͑nonintersecting͒ interface curves, Eqs. ͑34͒ and ͑35͒ are simulated using the Euler time stepping until an asymptotic state, steady or time periodic, is reached.
C. Straight filament with constant twist
Consider first the simple case of a straight yet possibly twisted scroll. This is obtained as the limit R→0 in Eqs. ͑33͒. With our assumption of s independence, the twist w is equal to the limiting value of the torsion.
With ϭ0 the quantities occurring in the free-boundary equations simplify significantly to hϭ1, ͑36͒
where qϭ1ϩ w 2 r 2 . For zero twist, qϭ1 and the problem reduces to the case of 2D spiral waves. Figure 3 shows solutions to the free-boundary equations ͑34͒ and ͑35͒ for two values of twist. The solutions shown have reached a state of steady rotation.
One can derive a single universal equation for the shape and frequency of the steady ͑rigidly rotating͒ twisted scroll in Fig. 3 . This has been done by Bernoff ͓37͔ in the general case and by Karma ͓35͔ for the zero-twist ͑i.e., 2D͒ case. One seeks a steady solution with ͑leading-order͒ frequency ϭ⌽ , for which the angle between the wave front ⌽ ϩ and wave back ⌽ Ϫ is independent of r. In this case ⌿ ϵrd⌽/dr is the same for both interfaces. The angular separation between the two interfaces is found by integrating Eq. ͑25͒ in the quiescent (Ϫ) and excited (ϩ) regions to give the change in v
(1) between the interfaces, ⌬v (1) ϭv
(1)ϩ
Ϫv
(1)Ϫ . This is independent of r. Matching the change over the quiescent and excited regions, one finds that the angular separation between the interfaces is
The separation is independent of twist.
The values v (1)Ϯ can be eliminated from interface equation ͑26͒ to obtain a single universal equation describing the shape of the interface,
where lengths have been rescaled using the frequency r ϵͱr, w ϵ w /ͱ. The value of q is unchanged, qϭ1 ϩ w 2 r 2 ϭ1ϩ w 2 r 2 . The eigenvalue B is given by
gives the leading-order shape ⌿ and frequency, via B, of a twisted scroll wave with a straight filament. For zero twist (qϭ1), the equation describes the leading-order shape of 2D spiral waves. Appropriate boundary conditions for solving Eq. ͑40͒ are obtained from the large-r asymptotics of the equation. Figure 3 shows a comparison of solutions to the universal equation and timeasymptotic solutions obtained by direct simulation of the free-boundary equations. Not surprisingly, the two solutions are indistinguishable. The rotation frequencies are also the same. Elsewhere ͓40,41͔, some solutions to Eq. ͑40͒ are compared with leading-order results obtained directly by solving Eqs. ͑1͒.
D. Axisymmetric scroll ring
The next important case is an axisymmetric scroll ring of radius R. This corresponds to ␥ϭ0 in Eqs. ͑33͒. The torsion and twist are zero and ϭ1/R. We then obtain hϭ1Ϫr cos ⌽, ͑42͒
The polar coordinates in this description are only valid for rϭr/RϽ1. On substituting into the free-boundary equations, Eq. ͑35͒ for ⌽ becomes
where the 2D terms are those which appear for spiral waves, or equivalently, a straight filament with zero twist. Figure 4 shows the asymptotic, time-periodic evolution of an axisymmetric scroll ring obtained by numerically simulating free-boundary equations ͑34͒ and ͑35͒, starting from a 2D spiral-wave solution. The filament ring has radius Rϭ6 so that the curvature is ϭ1/6. The simulation domain of radius R s ϭ5 is normal to the ring. The symmetry axis of the scroll ring is to the right of the simulation domain as indicated. Shown for comparison is the rigidly rotating 2D ( ϭ0) solution to the free-boundary equations. It is also shown at four equally spaced time intervals over its rotation period. ͑The period of the ϭ0 is almost identical to the period of the scroll ring solution; see below.͒ With curvature, the interfaces do not have fixed shape. Instead, due to the explicit dependence of interface position ⌽ in the mean curvature, the interfaces move at speeds that depend on the position ⌽ about the curved filament. Hence the instantaneous angular velocities of the interfaces and their instantaneous angular separation vary periodically in time. We show this quantitatively in Fig. 5 by plotting these quantities extracted from the interfaces at half the domain radius, R s /2. In this case it is not possible to reduce the free-boundary equations to a single time-independent universal equation, as has been done in the absence of curvature. Only for ϭ0, the factors in cos ⌽ and sin ⌽ drop out of the free-boundary equations.
The filament of axisymmetric scroll solutions of the full reaction-diffusion equations ͑1͒ is known to be time dependent ͓10-12,9,15͔. In general, the radius of axisymmetric scroll rings shrinks with time and the ring translates in a direction perpendicular to the plane of the ring. However, we stress that this motion is absent at leading order in ͑see Sec. III A͒. Hence the solutions in Fig. 4 , in which there is no filament motion, are the correct dynamics of the reactiondiffusion equations at leading order in . The filament motion seen in laboratory and numerical experiments comes at higher order in .
The terms due to curvature in the free-boundary equations are of size O(). Hence the fluctuations in the interface shape and instantaneous frequency seen in Figs. 4 and 5 are of this order. This is shown quantitatively in Figs. 5 and 6, where we show results from a simulation with ϭ1/6 and ϭ1/12. The magnitude of fluctuations for ϭ1/12 is almost exactly half of that found for ϭ1/6.
What is of particular interest is the effect of curvature on the ͑mean͒ frequency and on the average interface shape. For this we consider the limit of small curvature and average the free-boundary equations over one period of the zerocurvature solution. It is most convenient to work in the rotating reference frame for which the ϭ0 solution is time independent: ϭϪt,
In the rotating coordinates, the curvature term in Eq. ͑45͒ is, at lowest order in , r
The average of this term over one period of the unperturbed problem is zero, i.e., there are no resonant terms at the leading order. Curvature does not explicitly enter the equation for the slow field. Thus, to O(), the average equations for the axisymmetric scroll ring are the same as the equations for a 2D spiral wave. As a result, the rotation period of an an axisymmetric scroll ring can be expected to be quite close to that of the 2D spiral wave with the same kinetics parameters. This can be seen in Figs. 5 and 6 where the mean rotation period in both cases is very close to the period of the 2D spiral wave for the same conditions. Verification of the O( 2 ) scaling is beyond the precision of the numerical scheme we have used. The mean interface separation is almost exactly that for a 2D spiral wave. 
E. Symmetric helix
Our final example is a scroll with a helical filament. We shall call an s-independent scroll wave with a helical filament a symmetric helix, in analogy with the axisymmetric scroll ring. Figure 7 shows such a state obtained from solution of the full reaction-diffusion equations ͑1͒ and ͑2͒. The twist of the scroll is equal to the torsion and so the scroll phase rotates exactly as does the Frenet coordinate frame. This helix arises from an instability of a straight, twisted filament ͑so-called sproing instability͒. Such helices have been studied numerically and analytically in the framework of filament dynamics ͓49,17,48͔. Figure 8 shows results from simulations of the freeboundary equations ͑34͒ and ͑35͒ for such a helix. The twist is w ϭ0.35, the same value is shown for the twisted straight filament in Fig. 3 ; the curvature is ϭ1/6. The normal and binormal directions are horizontal and vertical, respectively. Simulations are started from a solution for a straight, twisted scroll and evolved until an asymptotic periodic solution is reached. As for the scroll ring, the interfaces are not of fixed shape during rotation.
For the helix, the expressions for h, m, and H appear in the interface equation ͑35͒ and do not simplify significantly from the general expressions ͑27͒ and ͑28͒, so we do not give them here. However, for small curvature, the interface equation is of the form
where the straight terms are those appearing in the equation for the straight filament with twist w , and A 1 and A 2 are functions of the arguments shown.
The interface equation contains O() terms and so the periodic variation in the interface speed and shape seen in 2 ). We find that the numerically computed rotation period of the free-boundary solution shown in Fig. 8 is almost identical to the period of the straight twisted scroll shown in Fig. 3͑b͒ .
V. CORE EQUATIONS
We return now to the equations in the core region. Solutions in this region are necessary to provide a complete asymptotic solution to the reaction-diffusion equations everywhere in space. In particular, the solution in the core region is necessary to regularize the cusp that would otherwise exist in most cases as the wave front ⌽ ϩ and wave back ⌽ Ϫ come together in the vicinity of the filament. Unfortunately, the core equations cannot be reduced to one dimension and hence must be solved numerically with boundary conditions determined from the outer solutions. Kessler et al. ͓36, 39͔ have done this in the 2D steady case. Fortunately, for steady spiral waves in 2D and for the examples in the preceding section, core solutions do not dictate the leading-order frequency or interface shape. Hence, with regard to the impor- tant issues of selection of rotation frequency and scroll shape, explicit core solutions are not required. For completeness we shall give the core equations at leading and first order ͑the lowest order for which filament curvature enters the core equations͒, but we shall not give solutions to these equations.
At order 0 , Eqs. ͑11͒ for the fields in the core region are
where " c(0) is defined in Eq. ͑13͒, and
Asymptotic matching to the outer region gives the bound-
•n,
In order to close the steady version of Eqs. ͑46͒ and ͑47͒ for the steady spiral in 2D, Kessler et al. ͓36, 39͔ have extracted a compatibility condition from the steady version of Eq. ͑49͒.
In the same way, in order to close the steady version of Eqs. ͑48͒ and ͑49͒ for the steady spiral in 2D, one needs to extract a compatibility condition from the equation for the v field at next order. This next order equation is
These expressions show explicitly how the curvature and filament motion enter the equations for the core region. The differences between these equations, for a moving curved scroll filament, and the core equations for a stationary 2D spiral ͑straight motionless filament͒ are the curvature term
•n in the expression of M (1) and the terms containing the time derivatives of the filament position at first and second order, Ẋ
(1) and Ẋ (2) . In addition, because curvature dictates a nonstationary outer solution, curvature affects core solutions in a nontrivial way via the boundary conditions on the core obtained by matching to the outer solution.
VI. CONCLUSIONS
We have presented a systematic, order-by-order approach to a full matched asymptotic description of scroll waves in excitable media in the large-excitability ͑small-) limit. A large part of our purpose has been to specify a useful system of coordinates for the free-boundary equations in three dimensions. These coordinates are a natural extension of coordinates used to study spirals in two dimensions and they provide nice coordinates for numerical simulations. We have considered some specific examples in which the freeboundary equations simplify and we have shown numerical solutions to these equations. While we have focused on a particular model, our approach can be readily applied to all similar models of excitable media as in Refs. ͓35,37͔. Comparisons with full solutions to the reaction-diffusion equations are presented elsewhere ͓40,41͔.
The derivation of the free-boundary equations does not require the assumption that filament curvature and twist are small. The operators appearing in our equations are, in fact, simpler than those in the singular-perturbation approach pioneered by Keener et al. ͓14, 16, 18͔ . By considering the smalllimit first, we thus are able to treat scroll waves whose filaments have large ͑order-one͒ curvature, and moreover, we are able to capture the O() variations in interface motion arising because of curvature.
The way in which the difficulty of curvature enters our approach is that curvature eliminates the possibility of exactly stationary ͑rigidly rotating͒ solutions of the freeboundary equations. Thus exact order-by-order solutions are not stationary even in the small-limit and this presents very difficult challenges for obtaining solutions to the asymptotic equations. Nevertheless, it would be of interest to consider formally the small-curvature limit of the equations we have obtained. Because the large-excitability limit results in considerable simplifications, we may hope that in these two limits it will be possible to make progress on the problem of filament motion. In particular, there is hope that equations of slow filament motion may be obtained in which coefficients are directly related to parameters of the original reactiondiffusion equations.
APPENDIX: COORDINATE SYSTEMS
In this appendix we give some useful properties of the coordinate systems used. We base our derivation on the Frenet equations where m i j are the components of the inverse metric tensor. We need the last term in Eq. ͑A2͒ at leading order in , which will be leading order in when using the stretched coordinate ϭ/. Expanding the m i j using the definitions of h i j gives 
